Abstract. The algebra of unbounded holomorphic functions p≥1 H p
Introduction
In what follows, let 1 ≤ p < ∞ and let D be the unit disk in the complex plane C. We are interested in the Fréchet algebra H = p≥1 H p (∂D), where H p (∂D) denotes the usual Hardy class of all functions f ∈ L p (∂D) for which 2π 0 f (e iθ )e inθ dθ = 0 for all n > 0.
For any f in the Fréchet algebra L defined by L = p≥1 L p (∂D) but not in H, we form the algebra A generated by H and f in L. Our main result is that A is dense in L p (∂D) for every p ≥ 1. Hence the algebra H is maximal in L. We use the F. and M. Riesz Theorem along with Beurling's inner and outer function factorization of functions in Hardy classes. In fact our method gives another proof of Wermer's Maximality Theorem [W] without using the Banach algebra techniques: The algebra of functions continuous on D and holomorphic in D is maximal in the algebra of continuous functions on ∂D. We are sure that these results are true for finitely connected domains and many infinitely connected domains, and this proof can be easily extended. We intend to return to this topic in an expository paper later on.
Maximality theorems were fashionable a long time ago, and we would like to explain how we were led to this theorem at this particular time. In fact the path that led us to this is even more interesting. Hoffman [H] showed that for f in
) contains the algebra of continuous functions C(∂D). However Axler and Shields [AS] proved that for f a bounded harmonic function in D that is not holomorphic,
. This theorem was later generalized by Bishop [B] for more general domains.
These theorems of Axler-Shields and Bishop played an important role in a problem involving Toeplitz operators on the Bergman space L bounded domain in C and let dA denote the Lebesgue area measure on Ω. The Bergman space L p a (Ω) is the space of all functions f holomorphic on Ω that satisfy
In [AČR] it was shown that if φ is a nonconstant bounded holomorphic function on Ω and ψ is a bounded measurable function on Ω such that T φ T ψ = T ψ T φ , then ψ must be holomorphic too. An important ingredient in the proof was the theorem of Bishop [B] (or Axler and Shields [AS] for the open unit disk only).
It is well known that Toeplitz operators on L 
D). Further let f ∈ L be nowhere holomorphic in D. Then is the algebra generated by A and f dense in L?
Can the unit disk D be replaced by an arbitrary domain Ω in the above?
Main theorem: Statement and proof
Proof. Fix a p ≥ 1. Let α be any continuous linear functional on L p (∂D) which vanishes on A. We wish to show that α = 0. By hypothesis
Further by the Riesz Duality, α is given by a function g ∈ L q (∂D) where
for every h ∈ H p . Now by the F. and M. Riesz theorem and (1), we get that gf n belongs to H 1 (∂D) for all n ≥ 0. If we write gf n = µ n , we have g = µ 0 and gf = µ 1 so that µ 0 f = µ 1 on ∂D. Using Beurling's inner and outer function factorization of Hardy class functions, we can write µ n = B n S n O n where B n is Blaschke, S n is singular, and O n is outer. So we have
From the equation gf n = µ n , we obtain
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By taking logarithms of the absolute value on both sides of (2), we get Let ν n denote the associated singular measure of the singular function S n . Again from (3), we obtain ν 0 + nν 1 = nν 0 + ν n for all n ≥ 0, which means
Now again, dividing (4) by n and letting n → ∞, we get
Thus S 0 divides S 1 and hence
is Blaschke, Therefore g ≡ 0 and A is dense in all L p (∂D) and so dense in L as a Fréchet subalgebra.
Wermer's Maximality Theorem. The algebra of functions f continuous on D and holomorphic in D is maximal in the algebra C(∂D) of complex-valued continuous functions on ∂D.
Proof. The proof is exactly the same.
